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AN ANSWER TO A QUESTION OF HERMAN, BAKER AND
RIPPON CONCERNING SIEGEL DISKS
LASSE REMPE
Abstract. Consider the family of exponential maps Eκ(z) = exp(z)+κ. This
article shows that any unbounded Siegel disk U of Eκ contains the singular
value κ on its boundary. By a result of Herman, this implies that κ ∈ ∂U if
the rotation number is diophantine.
1. Introduction
In the collection [BH] of research problems in complex analysis, the following
was posed as problem 2.86, attributed to Herman, Baker and Rippon. Let the
function fλ(z) = λ(e
z − 1), |λ| = 1, have a Siegel disk U that contains 0.
(a) Prove that there exists some number λ such that U is bounded in C.
(b) If U is unbounded in C, does the singular value −λ belong to ∂U?
In [H], it was shown that if λ = e2piiα, where α is diophantine, then U is un-
bounded. Rippon [R] generalized an argument of Carleson and Jones [CG,
page 86] to give an elementary proof that −λ ∈ ∂U for almost every λ. It
was also mentioned in [R] that (a) could be solved by adapting a method from
[D].
In this note, we give a positive answer to (b), with a rather simple proof. This
implies in particular that the singular value lies on the boundary for diophantine
rotation numbers. We will prove the result in the following form, which allows
Siegel disks of arbitrary period.
Theorem. Let κ ∈ C and suppose that the function Eκ(z) := exp(z) + κ has an
unbounded Siegel disk U . Then there is j such that κ ∈ ∂Ejκ(U).
Note that fλ is conjugate to Eκ for κ = log λ− λ.
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2. Proof of the Theorem
For basic definitions and results, we refer the reader to an expository text on
the iteration of entire functions such as [B, Be].
To prove the theorem, we shall use the following property of exponential maps:
Proposition 1. Let κ ∈ C. Then there exists a curve γ : [0,∞) → J(Eκ) such
that limt→∞Re(γ(t)) = +∞ and lim supt→∞ | Im(γ(t))| <∞.
This well-known fact seems to have been first proved by Devaney, Goldberg
and Hubbard [DGH]. In fact, it is now known that the set of escaping points of
Eκ consists entirely of such curves [SZ].
Fix a κ ∈ C for which Eκ has a Siegel disk U . Sullivan’s result that rational
functions do not have wandering domains [S] has been generalized to the family
of exponential maps by Baker and Rippon [BR]. It is well known that
(*) ∂U ⊂ P := {Enκ (κ) : n ∈ N};
(see e.g. [Be, Theorem 7]). Thus κ belongs to the Julia set of Eκ. Indeed,
otherwise κ would eventually map into some periodic component of the Fatou set.
Since each such component is either an attracting domain, a parabolic domain, a
Baker domain1 or a Siegel disk [Be, Theorem 6], P would then intersect the Julia
set in at most finitely many points, which contradicts (*).
Let us suppose that κ /∈ ∂Ejκ(U) for every j ∈ N; we wish to show that U is
bounded. Choose δ > 0 such that
Dδ(κ) := {z ∈ C : |z − κ| ≤ δ} ⊂ C \
⋃
j
Ejκ(U).
Note that this implies that, for every j, Ejκ(U) ⊂ C\H, where H = E
−1
κ
(
Dδ(κ)
)
=
{z ∈ C : Re z < log δ}.
Proposition 2. For every j ∈ N, the set Ejκ(U) has bounded imaginary part.
Proof. Let γ be the curve given by Proposition 1. Since κ ∈ J(Eκ), we
can find a preimage g0 of γ(0) under an iterate of Eκ such that |g0 − κ| < δ.
Taking the appropriate pullback of γ, we obtain a curve g : [0,∞)→ J(Eκ) with
g(0) = g0. (If the orbit of κ intersects γ, we might not be able to take these
pullbacks. However, in this case we can pull back γ along the orbit of κ and
obtain a curve actually starting at κ.) Choose the largest t0 with |g(t0)− κ| = δ
and consider the set
K := E−1κ
(
Dδ(κ) ∪ g( [t0,∞) )
)
.
This set consists of H together with the preimages of g
(
[t0,∞)
)
(see Figure 1).
Each of these preimages is asymptotic to a line {Im z = 2kpi}, where k ∈ Z,
1In fact, Baker domains do not occur for exponential maps as all escaping points lie in the
Julia set [EL].
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Figure 1. The set K and its image.
and thus has bounded imaginary part. Therefore every component of C \K has
bounded imaginary part. Since Ejκ(U) ⊂ C \K, this proves the claim.
Proof. [of the Theorem] By the previous proposition, we can find S > 0 with
| Im z| < S for all j ∈ N and z ∈ Ejκ(U). Choose R > 1 large enough such that
exp(R−1) > − log δ and exp(R) ≥ exp(R−1)+S +1+ |κ|. Then, if z ∈ C with
r := Re z ≥ R and | ImEκ(z)| < S,
|ReEκ(z)| > |Eκ(z)| − S ≥ exp(r)− |κ| − S ≥ exp(r − 1) + 1.
If also ReEκ(z) > log δ, then in particular Re
(
Eκ(z)
)
− 1 > exp(r − 1).
Now suppose that there was a z ∈ U with r = Re(z) ≥ R. It then follows by
induction that
Re
(
Enκ (z)
)
− 1 > expn(r − 1),
which is a contradiction since points in a Siegel disk do not escape to ∞.
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